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(1) Let X be a topological vector space. Let A, B be non-empty, disjoint,
closed subsets of X, where A is compact. Show that there exists an open
neighborhood V' of 0 such that (A+V)N\(B+ V) = 0. [15]

(2) Let B(Y, W) be the space of bounded operators from Y to W, where Y, W
are Banach spaces. Let {T},},>1 be a sequence in B(Y, W), converging in
strong operator topology to some bounded operator T'. Show that

{ITnl[ s n > 1}
is bounded. [15]

(3) Let B be a unital commutative Banach algebra. Show that (i) For z € B,
A € o(z) if and only if there exists a complex homomorphism h of B such

that h(x) = A. (ii) The Gelfand map is contractive. [20]
(4) Show that every positive linear functional on a unital C* algebra is contin-
uous. [15]

(5) Let M5(C) be the C*-algebra of 2 x 2 complex matrices with operator norm.
Write down a state ¢ on M3(C), such that |¢(A)| = || 4|, where

AZ(% —05 )
[15]

(6) Let C be the C* algebra of n x n matrices. For a matrix X = [z;;], define
d(X) = %Z” x;5. Show that ¢ is a state on C. Describe the GNS triple
(H,m, &) of ¢. Compute the dimension of H. [20]

(7) Let H be a Hilbert space with ortho-normal basis {e, : n € N}. Let K be
a compact subset of H. Show that for € > 0, there exists N € N such that
| >0 n{en, e, || < € for every z € K. [10]
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